Using weak values amplification angular resolution limits, we theoretically investigate the gravitational sensing of objects. By inserting a force-sensing pendulum into a weak values interferometer, the optical response can sense accelerations to a few 10's of zepto-g Hz −1 2 , with optical powers of 1 mW. We convert this precision into range and mass sensitivity, focusing in detail on simple and torsion pendula. Various noise sources present are discussed, as well as the necessary cooling that should be applied to reach the desired levels of precision.
I. INTRODUCTION
We explore fundamental limits in precision gravimetry using weak value amplification techniques [1] [2] [3] [4] [5] [6] [7] [8] . Weak values were born through asking fundamental questions about quantum measurement limits [1] . Unlike expectation values, weak values consider a normalized expectation of an operator (e.g., the Pauli operatorÂ = +⟩⟨+ − −⟩⟨− ) using pre-and post-selected quantum states ψ i,f
Because weak values can be much larger than their respective expectation values when ⟨ψ f ψ i ⟩ → 0, they have been used to amplify small effects. Weak value amplification has been shown to be exceptionally valuable in suppressing technical noise in precision measurements [9] [10] [11] [12] [13] [14] [15] . While these techniques do not beat the shot noise limit (with some exceptions, see e.g. Ref. [16] ), they can come close to reaching it because of the dramatically suppressed technical noise. Of particular interest is the recent inverse weak value work where an angular tilt measurement noise floor of 200 frad Hz −1 2 was achieved. Remarkably, this sensitivity was for signals down to 1 Hz [8] , where noise suppression can be incredibly difficult. This tilt corresponds to a displacement of less than a hair's breadth at the distance of the moon [17] in one second of measurement time using only a few milliwatts of laser power. We show that if these techniques can be used, even at the classical optical fundamental limits, for precision gravimetry, they would push gravimetric sensitivity by several orders of magnitude beyond the state-of-theart.
Precision gravimetry is used extensively in mapping the earth's local gravity [18, 19] , oil and gas exploration [20] , mining [21] , mapping temporal geological shifts, the determination of Newton's gravitational constant [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] and gravitationally imaging opaque systems. Precision of the order of 1 µg (1 g = 9.8 m s −2 to 1 nano-g are often used for mapping geological variations. Both relative and absolute measurements are employed.
A standard in the industry for absolute gravimetry is measuring interference fringes due to the free-fall of a corner cube in one arm of a Mach-Zehnder interferometer with a sensitivity of 100 nano-g Hz −1 2 . Another competing gravimetric technology employs atomic interferometry achieving a resolution of 100 pico-g after two days of integration [24] . The field standard is a superconducting sphere suspended in the field of a superconducting coil achieving 3 pico-g resolution [40] after one month integration and 1 pico-g after one year. The most sensitive device to date is Kasevich's 10 m atom interferometer which achieves 500 femto-g after one hour of integration [41, 42] .
The purpose of this paper is to advance a gravitational sensor, whose readout is entirely optical. The sensor is a relative gravity sensor, able to sense changes in gravitational fields around it. Our design is based around mechanical elements, such as simple and torsion pendula, that are incorporated into an optical interferometer. Similar ideas have been recently and independently explored in Ref. [43, 44] . This interferometer is constructed to realize the inverse weak value effect, where a continuous optical phase can be read out via a slight change on intensity detectors, typically a split-detector for the discussions in this paper. Therefore, we require a gravitational force to cause a change in optical phase. This is implemented with a mirror attached to the mechanical element which is suspended. When the element undergoes a slight acceleration from the gravitational force, the mirror undergoes a slight tilt, which is the mechanical change which is optically read out. Once the device is realized, we find excellent force sensing abilities, due in large part to the extreme sensitivity of the interferometer to optical phase shifts.
The paper is organized as follows: In Sec. II, we discuss the inverse weak value interferometery approach to measuring optical phase shifts. Interferometer design is given, and we introduce the modifications necessary to incorporate the gravitational sensor as controlling one of the interferometer mirrors. In Sec. III, the design of the mechanical element is discussed, and how the gravitational response of the pendulum can be dynamically sensed. Sec. IV discusses various noise sources that will be acting on the pendulum, which will mask the underlying gravity signal the detector is sensing. Ways to mitigate those noise sources are discussed. Fundamental resolution limits on sensed mass and range of target as calculated in Sec. V. We conclude in Sec. VI.
II. INVERSE WEAK VALUE INTERFEROMETRY
A specialized weak values interferometer employs a laser beam of transverse width σ in a Sagnac interferometer [4] . The laser beam enters a beamsplitter and propagates in opposite directions around a Sagnac interferometer. When the beams recombine, a small relative phase φ between the two returning beams causes a small transverse tilt, k, of the mirror attached to the pendulum to be amplified in the (nearly) dark port of the beamsplitter. The weak value limit occurs when φ ≫ kσ. For this particular setup, the amplification of the small transverse tilt k shows up in the dark port beam as a spatial shift by kσ 2 φ. In terms of weak values, the pre-selected state ψ i is the field after passing through beamsplitter the first time. The post-selected state ψ f is set by a combination of a phase shift and the second pass through the beamsplitter. The tilt of the mirror yields a small amount of which-path information of a photon in the interferometer, which is a weak measurement of σ z .
Conversely, for an inverse weak values experiment, the parameters satisfy the inequality φ ≪ kσ. In this case, we fix transverse tilt k and use the known k to amplify a small unknown phase. In this latter experimental regime, the interference pattern of the two beams in the dark port is now a bimodal distribution with a dark fringe at the center of the interference pattern for φ = 0. The dark fringe moves rapidly with small changes in relative phase. These phase shifts are determined by measuring the relative intensity of the left versus right side of the interference pattern via a split detector. The amplification of the phase in this inverse weak value regime is given by the mean shift of the beam in the dark port, φ k, which now is proportional to the inverse weak value A −1 w [45] . In Ref. [8] , a displaced Sagnac interferometer was used to measure the relative phase shift φ for this inverse weak value regime. In a displaced Sagnac interferometer, two beams propagate with a transverse displacement (albeit parallel) in opposite directions. A small tilt of a mirror inside the interferometer causes a relative phase between the two paths since the path length increases for one path and decreases for the other. At the output port of the interferometer, the beams are brought back together to interfere with each other.
The shot noise limited angular resolution can be understood from a geometric argument. The relative phase between the two paths goes as δφ = 2 √ 2πLθ λ, where √ 2 comes from impinging at 45 degrees, L is the distance between the centers of the beams propagating in opposite directions (see Fig. 1 ), λ is the wavelength of the laser light, and θ is the tilt angle of the mirror that we are interested in determining. Assuming the phase can be determined with shot noise limited sensitivity ∆φ =
where N is the number of detected photons. Using L = 1 cm, approximately 3 mW of laser power, and a wavelength of 500 nm, we achieve a shot noise limited angular sensitivity of 30 frad/Hz 1 2 . The inverse weak value method of readout for the optical phase φ can achieve this shot-noise limited sensitivity, up to a factor of √ π 2 associated with the resolution loss on the split detector [11, 46] .
In this work, we use this same inverse weak value setup with a displaced Sagnac. We consider the physical limitations and sensing capabilities when the tilt mirror in [8] is replaced with a mirror rigidly connected to a pendulum as shown in Fig. 1 .
III. GEOMETRY AND TORQUE CALCULATION
In the following, we consider a gravity torsion pendulum with an optical readout via the inverse weak value method [4] as discussed in the previous section. Suppose there is a system consisting of a mass M that is detected via a torsion pendulum consisting of two masses m, connected via a rigid massless rod of length 2 . The mass M is located according to Fig. 2 in relation to the oriented torsion pendulum. We will assume M is a point mass for the time being. To start, let us suppose that the motion of all those objects will be characterized by their moment of inertia I about the axis defined by the pivot. By way of example, that axis could be comprised of a wire attached to the rigid body consisting of the masses m at both ends. An external torque exerted from the gravitational force of a massive object will disturb the equilibrium position of the oscillator, which will oscillate until its damps to the new equilibrium position, as described in the next subsection.
A. Converting torque into angle
In order to detect this small torque, we first recall that the pendula have a linear restoring torque quantified by the torsion spring constant κ, such that
where δθ denotes the angular distance from its equilibrium position. Note that we can empirically find κ by finding the period of the oscillations. When the pendulum swings freely, τ ext = Iα = 2m 2θ = −κδθ, where
2 is the moment of inertia. Putting this equation in the formθ + ω 2 0 θ = 0, the natural frequency of the pendulum is ω 0 = (1 ) κ (2m), which may be inverted to find κ from a measurement of the frequency, or period of the pendulum T ,
Adding in damping of the pendulum brings the dynamics into the form of Eq. (5). For a vertical simple pendulum subject to Earth's gravitational field, the restoring force is simply the gravitational acceleration from the earth, causing a restoring torque of τ = −gm δθ for small angles. This also gives rise to dynamics of the form Eq. (5) but with a natural frequency given by ω 0 = g .
The source of the gravitational signal is a mass M near the pendulum, thereby applying an external torque τ . We wish to measure this signal. We assume that τ can be time-dependent in general. Damping of the oscillations will be critical for a quickly responding detector, so we also add a velocity-dependent damping term, to find the equation of motion of a damped/driven oscillator,
Here, ω 0 = κ I, and ζ is a dimensionless damping coefficient. The underdamped case corresponds to 0 ≤ ζ < 1, whereas the overdamped case corresponds to ζ > 1. The general solution for τ = 0 (the homogeneous solution) can be expressed as A torsion pendulum is formed by attaching two masses m with a rigid, massless rod, of total length 2 . We fix the center of mass of the pendulum in one place, allowing it to rotate only in the plane of the figure. A nearby mass M creates a torque on this torsion pendulum, causing it to rotate to an equilibrium angle δθ0, which is detected optically. Lengths, angles, and mass labels are shown in the figure. where θ 0 andθ 0 are initial conditions for the pendulum, and the terms inside the braces {⋅⋅⋅} describe decay for the overdamped case, and oscillations in the underdamped case.
If τ is fixed in time, for large damping ζ, then the oscillator will converge to its new equilibrium position exponentially in time with a rate ζω 0 according to the solution (6) . After this time, the angular displacement can be approximated by the fixed point of (5), given bȳ
We wish to design the pendulum to respond sensitively to stimuli from the target objects, but do not want it to oscillate for a long time before returning to a new equilibrium position. There is a trade-off between sensitivity of the measurement and the speed of the response as will be explored in the following sections.
B. Pendulum Model
The pendulum is fixed with respect to its center of mass motion, and is allowed to only rotate about its center of mass in the plane of the figure. We analyze this geometry by computing the torque about the middle of the torsion pendulum.
Plane trigonometry dictates that the distances defined in Fig. 2 are given by
The gravitational force between mass M and mass m j , according to Newton [47] , is given by
The torque τ generated on mass j is given by
where F j is the magnitude of gravitational force of mass M on mass m j . For a Simple Pendulum (SP), we only have one of the masses in the pendulum of Fig. 2 . The net torque is:
The above results are relevant for a single test mass other than the pendulum mass. In the following sections we will use either the earth's gravity as the restoring force (as usual pendulums do), or by orienting the pendulum perpendicular to the earth's field, can also use the restoring force of a rod to obtain longer periods. For a balanced Torsion Pendulum (TP), we include torques that nearly counterbalance each other (the torque on mass 1 is positive in sign, and the torque on mass 2 is negative in sign). The net torque is given by
where we have replaced cos θ j = d r j . The simple pendulum responds to the bare force on the sensing mass, and thus decays as 1 r 2 with respect to the test mass distance. The torsion pendulum balances the average force, and thus responds to the gradient of the field across the size of the torsion pendulum. This effect leads to a less sensitive response to objects far away; it may be beneficial since it efficiently screens out far away objects and allows the sensor to focus on nearby objects.
C. Limiting case
In some experiments, we can further simplify the expression (12), since we expect that ≪ d, x, r 0 for some applications of interest. The expression for τ Σ is proportional to the difference of the functions g( ) − g(− ), where
Since is a small parameter, we can approximate g( ) − g(− ) ≈ g ′ (0)(2 ). We find that g ′ (0) = 3x r 5 0 , so that we have to a good approximation,
where we approximate θ 1 ≈ θ 2 = θ, and write x = r 0 sin θ and d = r 0 cos θ. In this limit, the sensor does not respond to the net force, but rather to its gradient, as indicated by the r −3 law. In this limit, the one-armed device (SP) equilibrates to an angleθ
while its two-armed counterpart equilibrates tō
In both cases we have used Eq. (7). We stress that in both cases, the sensing mass m only appears in the natural frequency, and in the case of the torsion pendulum, the length also drops out, indicating that small sensors work as well as large ones so long as their periods are the same. These expressions can be applied to make an approximate survey of the sensitivity of the device to different objects. Specifically, we show the best-case angular response to a target M at distance r 0 in Fig. 3 , and we plot the angular dependence of the sensing for each device in Fig. 4 . Some example values for a small torsion pendu- Length between beams on the mirror L 1 cm lum are given in Table I , in reference to the geometry of Fig. 2 . The previous analysis may be extended to a continuous mass distribution by replacing the mass M by a differential element dM = ρ(x)dx, where we imagine a body with mass per unit distance ρ(x) distributed along the x direction. In that case, the next torque for such a mass distribution is given by
In the general case, f (x) = dGm(r 1 (x) −3 − r 2 (x) −3 ), whereas in the limiting case, it is given by f = 6 2 dGmx (d 2 + x 2 ) 5 2 .
IV. NOISE CONSIDERATIONS
As for noise sources in the problem, we note that the pendulum will experience several kinds of noise that must be mitigated in order to reach the fundamental limits of angle detection that the system is capable of. We
We plot the static deflection angleθ (7) for the torque in the one-armed torsion pendulum (15), (left) and the twoarmed torsion pendulum (16), (right) as shown on the colorbars, as a function of target distance r0 (x-axis) and target mass M (y-axis). The plot, given as a log-log-log density plot, emphasizes earth scale distances. The test mass M is placed at the point of optimal sensitivity for each device. The parameters in Table I are used for these plots.
focus on three type of noise in this section: thermal noise, measurement heating noise, and quantum noise of the oscillator.
A. Thermal noise
Contributions of the thermal noise from the surrounding environment can be computed via the equipartition theorem assuming large temperatures. Both the mean kinetic energy and potential energy are given by the thermal energy for one degree of freedom each. In general,
In the limit of high temperatures, the equipartition of potential energy indicates that
which gives the typical rms noise of the torsion pendulum,
We can estimate the value using the values given in Table I, and room temperature k B T = 4.1 × 10 −21 J to find, δθ rms = 2.3 × 10 −7 rad. In order to access below the picoradian regime, it will therefore be necessary to either cool the oscillator, or to time-average the signal for some time. One could also increase the value of κ, but that would also decrease the angular precision as well.
B. Measurement heating
As demonstrated in the first section, it is advantageous to apply as much optical power as possible to the interferometer to maximize the precision of the angle measurement. However, because the gravitational sensor is freely moving, it is possible that the sensing laser may drive excitations, effectively heating the torsion pendulum. We will now calculate the effect of this heat, which may put a bound on the sensing power.
The displaced Sagnac geometry (see Fig. 1 ), causes two laser beams to strike the sensing mirror at a lever arm ± is given by
where γ is the rate of photons striking the mirror, and k 0 is the wavenumber of the light, which defines the impulse ̵ hk 0 √ 2 on the mirror. On average, since the intensity of the light on the left and right side of the mirror is the same from the 50/50 beamsplitter, there is no average net torque on the mirror. However, there will be fluctuations from the coherent states of light. This will lead to an increased variance of the angle, defined by ⟨δθ 2 ⟩ = ⟨τ 2 ⟩ κ 2 which will create an additional torque noise. Computing from Eq. (21),
The last term ⟨−2N + N − ⟩ = 0 since N + is uncorrelated with N − . Furthermore, given the geometry and using
We show contour plots of the angular displacementθ due to a static mass M = 100 kg placed in the plane of a 1-armed (left) and 2-armed pendulum (right), as a function of r0 and θ. We show the entire angular dependence θ, and show values of r0 ranging from 100 m to 5 km in the radial direction. The + colorbar denotes an angular displacement in the +θ (CCW) direction, while the − colorbar denotes deflection in the −θ (CW) direction. Angular blindspots are at the juncture of the two colorbars, where the deflection is zero, no matter the value of r0 or M . Numerical values for the pendulum correspond to those shown in Table I .
statistical properties of coherent states, ⟨N
. Therefore, we obtain a fluctuation in the angle:
We can calculate an effective temperature via the equipartition theorem
so the sensing laser leads to a heating of the oscillator. Since the RMS of this δθ will scale directly with √ N while our sensing resolution scales inversely as
2), we find the optimum by setting them equal giving us an optimal number of photons:
Inserting the rate of photons as γ = P ̵ hω, the power divided by the energy of a photon, we find the time where the heating corresponds to the precision to be
If we use the numbers in Table I together with 1 mW of power, we estimate a timescale of 100 s, of the same order as the period of the oscillator.
C. Quantum Noise
An intriguing aspect of the oscillators is the fundamental limitation of sensitivity due to quantum noise. As will be shown, the shot noise limited resolution is approximately equal to the quantum ground state uncertainty of the oscillator when the integration time is approximately equal to the period of the pendulum. From a quantum mechanical perspective, ground state quantum noise limitations are quite interesting in light of the large masses used in these experiment. Such studies may be valuable in probing quantum gravity. On the other hand, this also places fundamental noise limits on the resolution.
To determine the ground state angular uncertainty, we set the mean potential energy of the oscillator to the ground state energy of the oscillator
which follows from Eq. (18) when k b T ≪ ̵ hω. Solving for the angle we obtain
Using values listed in Table I , we find δθ rms = 2.9 × 10 −15 rad. This resolution can be achieved when the integration time is roughly equal to the period of the pendulum using a few milliwatts of laser power.
V. LIMITS OF RESOLUTION
The results of the previous sections can now be combined to give the sensitivity limits of the SP and TP to forces, which can be translated into either mass or range uncertainty. Using Eq. (7) and the angular uncertainty Eq. 2, we find at the optimally sensitive response point (x = 0 so d ≈ r, θ = 0), the resolution of (usual) simple pendulum acceleration a, relative to the gravitational acceleration g of the SP to be
Consequently, the acceleration uncertainty in units of the accelerations due to gravity near the surface of the earth is simply the same as the angular uncertainty. If instead, we consider a one-armed torsion pendulum with a torsion constant of κ, oriented perpendicular to the gravitational field of the earth, then the period of the oscillation can be much longer. The angular resolution is given by Eq. (15) so the acceleration uncertainty is reduced to
For the parameters in Table I , this reduces the acceleration uncertainty by a factor of 1.6 × 10 −6 , leading to 60 zepto g Hz −1 2 . Remarkably, the speed is only a thousand times slower, because of the inverse square relationship of Eq. (4). In either geometry, the acceleration is given by a = GM r 2 0 , so the sensitivity of the acceleration to a change in test mass δM at fixed r 0 , or a change in the distance δr 0 for fixed test mass M is given by
from which the mass or distance uncertainty is easily found. The response of the one-armed torsion pendulum is plotted in Fig. 3(left) for different values of test mass M and range R = r 0 . For a balanced torsion pendulum, a test mass far from the pendulum will respond according to Eqs. (14, 16) . Setting θ = π 4 for maximum sensitivity, the angular response to a gravitating body will be
The r −3 0 law gives a smaller sensitivity, but also screens off distant objects. This cannot be directly translated into acceleration of a single mass, but gives the response of the detector to the gradient of the gravitational field. The torsion pendulum response is plotted in Fig. 3(right) for different values of test mass M and range R = r 0 .
We now briefly discuss the angular response of both types of pendula as the test mass is placed at different angles relative to the axis of rotation. The one-armed torsion pendulum has blind spots at θ ≈ 0 and θ ≈ π, where a target mass applies no torque, and its sensitivity is maximized at θ ≈ π 2 and θ ≈ 3π 2. The two-armed torsion pendulum has four blind-spots, as illustrated in Fig. 4 . Notice that the scaling of the deflection angle in terms of the one-armed pendulum's construction parameters really depends only on , and that the the smaller we make , the larger the deflection angle will get (the moment of inertia in the denominator wins out over the greater torque with greater arm length). The dependence cancels out entirely from the two-armed device, except for its appearance in the natural frequency.
VI. CONCLUSIONS
We have shown how a sensitive gravitational sensor can be built using advanced optical interferometry techniques. By allowing a mechanical element to oscillate freely and including a mirror on this element, which is incorporated into the interferometer, a slight tilt of the mirror causes the counter-propagating optical beams in the interferometer to acquire a phase difference between each other. That phase difference can then be read out with an inverse weak value technique. This method results in a double-lobe distribution whose mean sensitively depends on the phase, which in turn depends on the angular tilt of the mirror. Our analysis indicates that we can reach acceleration sensitivities of tens of zepto-g per root-Hertz for 1 mW of power. We have discussed how that sensing threshold can be traded between mass and range of targets.
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